We give an elementary proof of positivity of the Trautman-Bondi mass of light-cones with complete generators.
generators of C O . For simplicity we assume throughout that the initial data lead to a smooth space-time metric, cf. [5] . The requirements of regularity at the origin, asymptotic flatness, and global smoothness, lead to the following restrictions onǧ:
Letting (r, x A ), A ∈ {2, 3}, denote spherical coordinates on R 3 , and writing s AB dx A dx B for the unit round metric on S 2 , regularity conditions at the vertex imply that the coordinate r can be chosen so that for small r we havě
see [4, Section 4 .5] for a detailed discussion, including properties of higher derivatives; the latter are assumed implicitly whenever needed below. Here, and elsewhere, an overline denotes a space-time object restricted to the light-cone.
Existence of a Penrose-type conformal completion implies that the coordinate r can be chosen so that for large r we have
for some smooth tensors (
are necessary for existence of a smooth I + , but certainly not sufficient: our conditions admit initial data sets which might lead to a polyhomogeneous but not smooth I + ; see [1, 7, 9, 12] . We denote by τ the divergence, sometimes called expansion, of the light-cone:
Conditions (1)- (7) imply
In particular τ is positive in both regions. Now, standard arguments show that if τ becomes negative somewhere, then the light-cone will either fail to be globally smooth, or the space-time will not be null-geodesically complete. So our requirement of global smoothness of the light-cone together with completeness of generators imposes the condition
We further require det(
which excludes conjugate points at the intersection of the light-cone with I + . Both conditions will be assumed to hold from now on.
The inequality (11) implies that the connection coefficient κ, defined through the equation ∇ ∂r ∂ r = κ∂ r , and measuring thus how the parameter r differs from an affine-one, can be algebraically calculated from the Raychaudhuri equation:
Here σ is the shear of the light-cone:
which satisfies
Assuming that
we find from (13) and our previous hypotheses
For the proof of positivity of the Trautman-Bondi mass it will be convenient to change r to a new coordinate so that (g AB ) −2 in (3) is the unit round sphere metric and that the resulting κ vanishes (i.e. the new coordinate r will be an affine parameter along the generators of the light-cone). Denoting momentarily the new coordinate by r as , and using the fact that every metric on S 2 is conformal to the unit round metric s AB , the result is achieved by setting
The functions r → r as (r, x A ) are strictly increasing with r as (0, x A ) = 0. Equation (17) shows that there exists a constant C such that for all r we have
which implies that lim r→∞ r as (r, x A ) = +∞. We conclude that for each x A the function r → r as (r, x A ) defines a smooth bijection from R + to itself. Consequently, smooth inverse functions r as → r(r as , x A ) exist.
We have normalised the affine parameter r as so that
where
After some obvious redefinitions, for r as large (3) becomes
The boundary conditions (4)- (7) remain unchanged when r is replaced by r as there. On the other hand, (1)- (2) will not be true anymore. However, we note for further use that the coordinate transformation (18) preserves the behavior of τ and σ near the vertex. Indeed, inserting r = r(r as ) into (3) and using the definitions (8) and (14) one finds that (9)- (10) and (15) 
In coordinates adapted to the light-cone as in [4] the space-time formula for the auxiliary function ζ is
and ζ is in fact the divergence of the family of suitably normalized null generators normal to the spheres of constant r and transverse to N . Here∇ denotes the Levi-Civita connection ofǧ viewed as a metric on S 2 (more precisely, an rdependent family of metrics). The symbolŘ denotes the curvature scalar of g. The connection coefficients ξ A ≡ −2Γ r rA | N are determined by [4, Equation (9.2)]:
Finally,
with T ur = T (∂ u , ∂ r ), where ∂ u is transverse to N . The first equality makes it clear that S does not depend upon the choice of coordinates away from N . In a coordinate system where g rr = g rA = 0 we have S = −16πg ur T ur | N which, with our signature (−, +, +, +), is non-negative for matter fields satisfying the dominant energy condition when both ∂ r and ∂ u are causal future pointing, as will be assumed from now on.
Letting dµǧ = det g AB dx 2 dx 3 , dµ s = √ det s AB dx 2 dx 3 , and
we derive below the following surprising formula for the Trautman-Bondi [2, 13, 15] mass m TB of complete light-cones:
The coordinate r here is an affine parameter along the generators normalised so that r = 0 at the vertex, with (26) holding for large r. Positivity of m TB obviously follows in vacuum. For matter fields satisfying the dominant energy condition we have S ≥ 0, T rr ≥ 0 and positivity again follows. Note that since m TB decreases when sections of I + are moved to the future, (32) provides an a priori bound on the integrals appearing there both on N and for all later light-cones, which is likely to be useful when analysing the global behaviour of solutions of the Einstein equations.
To prove (32), we assume (16). We change coordinates via (18), and use now the symbol r for the coordinate r as . Thus κ = 0, we have (3) with (g AB ) −2 = s AB , and further (4)- (7), (9)- (10) and (15) hold. For r large one immediately obtains
Let us further assume that, again for large r,
It then follows from (29) and our remaining hypotheses that ξ A satisfies
for some smooth covector field (ξ A ) 1 on S 2 . An analysis of (27) gives
with a smooth function ζ 2 . Regularity at the vertex requires that for small r
where r is the original coordinate which makes the initial data manifestly regular at the vertex. Using the transformation formulae for connection coefficients one checks that this behavior is preserved under (23).
We will show shortly that if the light-cone data arise from a space-time with a smooth conformal completion at null infinity I + , and if the light-cone intersects I + in a smooth cross-section S, then the Trautman-Bondi mass of S equals
Note that this justifies the use of (38) as the definition of mass of an initial data set on a light-cone with complete generators, regardless of any space-time assumptions.
It follows from (9) and (33) that for large r we have
This allows us to rewrite (38) as
To establish (32), first note that from (27) with κ = 0 and the Gauss-Bonnet theorem we have (note that ∂ r det g AB = τ det g AB )
Integrating in r and using (34)-(37) one obtains
Next, let τ 1 := 2/r, δτ := τ − τ 1 . It follows from the Raychaudhuri equation with κ = 0 that δτ satisfies the equation
Solving, one finds with (9)- (10) and (15)- (16) δτ (r 1 ) = −Ψ
where Ψ is given by (31), and
Inserting this into (40) gives (32). To continue, suppose that m TB vanishes. It then follows from (43) that T rr | N = 0 = σ. In vacuum this implies [3] that the metric is flat to the future of the light-cone. In fact, for many matter models the vanishing of T rr on the light-cone implies the vanishing of T µν to the future of the light-cone [3] , and the same conclusion can then be obtained.
It remains to establish (38). We decorate with a symbol "Bo" all fieldsTo continue, we note that x with the ranges [0, r] and r ∈ [0, ∞) replaced by [r 0 , r] and r ∈ [r 0 , ∞) in the integrals appearing in (32). (In Schwarzschild the last line and the right-hand side of (32) vanish, and the remaining terms in the first line add to the usual mass parameter m.) It would be of interest to find natural geometric conditions that will ensure that this expression is positive, or bounded below by some simple strictly positive geometric invariant of S 0 .
